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ABSTRACT Leak location in water-supply pipelines is of great significance in order to preserve water
resources and reduce economic losses. Cross-correlation (CC) based leak location is a popular and effective
method in water-supply pipelines (WSP). However, with a decrease of signal to noise ratio (SNR), the errors
of time-delay estimation (TDE) based on CC will become larger making it almost impossible to determine
a leakage position. Hence, this work proposes leak location based on a combination of phase difference
spectrum and variational mode decomposition (PDS-VMD) of leakage-induced vibration signal under low
SNR for WSP. Firstly, the leakage-induced vibration signal is decomposed into several intrinsic mode
functions (IMFs) by VMD, where the characteristic frequency band is determined by PDS of cross spectrum
of two leakage signals. Then, the energy ratio of leakage signal in characteristic frequency band serves as
a guideline to select effective IMF components from the decomposed IMFs. Finally, the selective IMFs
are reconstituted into a new signal which can be used to determine a leak position using CC based TDE.
In order to verify the effectiveness of the proposed leak location algorithm, themethod based on PDS-VMD is
compared with that using CC, combination of CC coefficient and VMD (CCC-VMD) using both simulation
and experiment. The simulation and experimental results demonstrate that the proposed PDS-VMD method
is more suitable for leak location in WSP, which provides immunity to both broadband and narrow band
noise under low SNR.
INDEX TERMS VMD, cross-spectral analysis, leakage location, low SNR, water supply pipeline.
I. INTRODUCTION
Leakage in water-supply pipelines results in economic losses
from water wastage and serves as a health risk since leaks
are potential entry points for contaminants during low pres-
sure intrusion events [1]. Hence, it is necessary to conduct
research on leak location for WSP to guarantee safe and
reliable operation of WSP [2]–[4]. So far, much research
has been conducted for leak detection and location methods
in WSP. Since 1991, vibration-based leak detection method
The associate editor coordinating the review of this manuscript and
approving it for publication was Jinming Wen .
has been used for WSP, where the vibration signal can be
acquired by either accelerometers or hydrophones at two
access points, on either side of a suspected leak. Leak loca-
tion based on CC analysis of vibration signal developed by
Fuchs and Riehle over the last 30 years is regarded as one
of most popular and effective technology in WSP [5]–[13],
which has been widely used to locate leaks in buried WSP.
In real leak location practice, the SNR of acquired data by
accelerometers or hydrophones is very low as result of traffic,
mechanical devices, turbulence, etc., which directly influ-
ence the correlation-based time delay estimator resulting in a
larger leak location error. The enhancement of signal to noise
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ratio (SNR) by suppressing environmental noise in collected
data is essential to ensure reliability of leak detection and
reduce leak location error.
TDE can be used to enhance SNR of leak signals and
reduce leak location errors [8]. The generalized cross cor-
relation (GCC) can be obtained by pre-filtering the leak
signal prior to performing the CC method, which enhances
the signals in the frequency bands where the SNR is high,
thereby suppressing the signal outside these frequency bands.
Knapp and Carter have discussed the characteristics of five
GCC methods and compared them with the CC method [14].
The GCC can sharpen the peak of CC function by pre-
whitening the leak signals whose frequency bands must be
extracted. However, it is difficult to determine the frequency
bands of leak signals in various pipeline situation (pipeline
material, pressures, leakage apertures, etc.) and surroundings
(soil, temperature, climate etc.), which results in an inability
to design a pre-filter for GCC to improve SNR of leak signals.
Thus, the GCC based leak location method will still have a
larger error for WSP.
To overcome this weakness of GCC, adaptive TDE based
on least mean square (LMS) error is applied in leak loca-
tion for WSP without choice of frequency bands of leak
signal [15], [16], which employs an adaptive filter instead
of the GCC method for TDE. The adaptive filter can be
updated iteratively by using the leak signal’s characteristics,
where the correlation function can be directly obtained from
its own system parameters instead of any prior knowledge.
However, the LMS-TDE is a biased estimate, and the Cramer-
Rao Bound indicates that LMS error between the estimated
and the true value is inversely proportional to the SNR of a
signal [17]. The lower the SNR is, the greater the error of
LMS-TDE based leak location method will have, which is
limited to low SNR for its application of WSP.
When a leak occurs, escaping water from pipelines gen-
erate turbulence, friction and random shocks which result
in dispersive, multimodal, attenuation and non-stationary
acoustic vibration signal immersed in a highly noisy envi-
ronment due to traffic, mechanical devices, turbulence, etc.,
which will bring about such a low SNR of leakage signal
that the LMS-TDE based leak location method cannot be
used effectively in WSP. Wavelet analysis can be used to
suppress ambient noise (such as traffic noises) for leak
detection in WSP, which requires adaptive selection of an
appropriate mother wavelet according to the nature of leak
signal and ambient noise [18]. However, the feature of leak
signal and ambient noise changes with the pipeline situation
and surroundings, which is impossible to predict the feature
for adaptive selection of appropriate mother wavelet. If the
selected mother wavelet is unsuitable, it is also impossible
to remove unwanted noises from leak signals. The wavelet
noise cancellation method depends on empirical parameters
which are varied with pipeline situations and surroundings.
Thus, empirical mode decomposition (EMD) based leak
location is proposed for WSP which is a form of adaptive
signal decomposition independent of base function [19]–[21].
As the EMD process depends on the nature of the sig-
nal, there is no need to manually select the basis function,
which has been extensively applied in many fields such
as mechanical fault diagnosis and electroencephalo-graph
(EEG) processing. However, EMD still possesses some
inherent drawbacks such as mode-mixing effect, end effect,
etc. [22]–[24]. In order to overcome shortcomings of EMD,
Wang proposed improved adaptive multipoint optimal min-
imum entropy deconvolution adjusted (MOMEDA) fault
diagnosis method [25] and enhanced method to makes LMD
overcome the mode mixing and reduce the reconstruction
error for fault diagnosis of gearbox [26]. The VMD is a new
non-stationary signal processing method proposed in 2014,
which can self-adaptively decompose non-stationary signals
through an iterative search for an optimal solution [27], [28].
Compared to EMD, multi-component signals can be
non-recursively decomposed by VMD into a number of
components which can control decomposition convergence
conditions [29]. Hence, the decomposition process of
VMD can effectively eliminate the mode-mixing phe-
nomenon with good noise immunity. However, VMD needs
to determine the decomposition number of the IMF and the
penalty factor in advance which directly affects decomposi-
tion accuracy. Wang proposed the VMD parameter optimal
method through normalization for improvement of VMD in
gearbox fault diagnosis [30].
When a leakage-induced vibration signal is decomposed
into several IMFs by VMD, only those IMFs with high SNR
can be used for leak location, where the other IMFs will still
generate large leak location errors. Therefore, it is necessary
to propose a modified VMD method to select effective IMFs
for reducing leak location errors in WSP. Considering the
problem of large leak location errors with low SNR, leak
location based on PDS-VMD is proposed for WSP in this
work where there is no requirement to know the character-
istics of leak signals in advance. VMD is used to decompose
the leakage signal into several IMFs. PDS and energy ratio
based adaptive selection guidance is built to select effective
mode components of leakage signals. The selected mode
components are reconstructed to improve SNR and reduce
leak location errors. To verify effectiveness, the simulation
and experiment were conducted to compare the leak location
errors of proposed PDS-VMD with CC and CCC-VMD.
II. PRINCIPLE OF LEAK LOCATION BASED
ON TDE IN WSP
When leakage inWSP occurs, vibration signals are generated
by friction and cavitation of the high-speed water jet shooting
out through the leak orifice into a free space, which can be
acquired by two spatially separate acceleration sensors at both
ends of a suspected leak, as shown in Fig.1.
The two acquired vibration signals are mathematically
modeled as {
x1(t) =s(t)+n1(t)
x2(t) =αs(t−τ )+n2(t) (1)
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FIGURE 1. Schematic of leak location based on TDE in WSP: d is the
distance between the sensor 1 and sensor 2; d1 and d2 are distances
between leak point and sensor 1, sensor 2 respectively.
In equation (1), x1 (t) and x2(t) represent the collected
signals by the two sensors, s(t) is the original leak source sig-
nal and unknown beforehand, n1(t) and n2(t) are zero-mean
random environmental noises, α is a magnitude or power
attenuation factor due to signal propagation path difference
and τ is the time delay between the x1 (t) and x2(t). Among
them, s(t)n1(t) and n2(t) are assumed to be uncorrelated.
Hence, the leak location model based on TDE is
d1 = d + cτ2 (2)
In equation (2), c is the propagation speed of the vibration
signal in the monitored WSP. It can be determined from
equation (2) that determination of leakage position requires
the propagation speed c, the distance d between the sensor 1
and sensor 2 and time delay τ of the two collected vibration
signals which can be determined by CC-based TDE:
Rx1x2 (τ ) = E [x1 (t) x2 (t − τ)] (3)
τ = arg max Rx1x2 (τ ) (4)
where arg max represents argument of maximum
CC function Rx1x2 and E is expectation operator.
The distance d between the two sensors can be measured
in the field or determined by a known pipeline profile. The
propagation velocity c is closely related to the material of
pipe wall, in-pipe fluid, external environment and geometric
structure size, which can be estimated by the theoretical
model. Therefore, the key to leak location is to determine
the time delay which is usually calculated by the formula (3)
and (4). However, the errors of leak location based on CC
will increase with reduction of SNR. When the SNR is
low enough, the leak position cannot be determined using
CC based TDE. Accordingly, a new location scheme under
low SNR is desirable for WSP.
III. PRINCIPLE OF LEAK LOCATION BASED
ON PDS-VMD IN WSP
A. THE PRINCIPLE OF VMD
VMD is proposed by Konstantin Dragomiretskiy et al.
in 2014 [27], which is a new self-adaptive signal process-
ing method and can effectively eliminate modal aliasing
compared to the EMD method. The VMD method achieves
self-adaptive modal decomposition through construction and
solution of variational problems. Any signal can be written as
the following form:
x (t) =
∑
k
uk (t) (5)
In equation (5), uk (t) is a component of the signal
being decomposed, which can be defined as a frequency-
modulation–amplitude-modulation (AM–FM) signal and
mathematical expressed as follows:
uk (t) = Ak (t) cos(ϕk (t)) (6)
In equation (6), Ak (t) is the instantaneous amplitude. The
instantaneous frequencyωk (t) can be given byωk (t) = dϕk(t)dt
The decomposition process of the signal using VMD is
converted into the variational framework and thus,
an optimal-solution processing for a constrained variational
process [31] can be mathematical expressed for the con-
strained variational model as follows:
min{uk },{ωk }
{∑
k
∥∥∥∥∂t [(δ + jpi t
)
uk (t)
]
ejωk t
∥∥∥∥2
2
}
(7)
In equation (7), {uk} = {u1, · · · , uk} and {ωk} =
{ω1, · · · , ωk} represent k components and the center
frequency of each component respectively, following
decomposition by VMD.
During VMD implementation, the constrained-variation
problems can be transformed into an unconstrained variation
problem with introduction of augmented Lagrange function,
which is mathematicaly expressed as:
L ({uk} , {ωk} , λ)
= α
∑
k
∥∥∥∂t [(δ(t)+ jpi t)uk (t)] e−jωk t∥∥∥2
2
+
∥∥∥∥∥x(t)+∑
k
uk (t)
∥∥∥∥∥
2
2
+
〈
λ(t), x(t)−
∑
k
uk (t)
〉
(8)
In equation (8), α is the penalty parameter and λ is the
Lagrange multiplier. In order to obtain an optimal solu-
tion, the alternate direction method of multipliers can be
applied to calculate the saddle point of the augmented
Lagrange function, which is the optimal solution of the
constrained-variation equation [32]. The saddle point prob-
lem is solved by the alternate renewal of un+1, ωn+1k , and λn+1
are as follows:
un+1k = argmin︸ ︷︷ ︸
uk∈X
{
α
∥∥∥∂t [(δ(t)+ j/pi t)uk (t)] e−jωk t∥∥∥2
2
+
∥∥∥∥∥x(t)+∑
i
ui(t)+ λ(t)/2
∥∥∥∥∥
2
2
 (9)
ωn+1k = argmin︸ ︷︷ ︸
ωk
{∥∥∥∂t [(δ(t)+ j/pi t)uk (t)] e−jωk t∥∥∥2
2
}
(10)
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In equations (9) and (10), ωk = ωn+1k ,
∑
i ui(t) =∑
i6=k ui(t)n+1.The Parseval/Plancherel Fourier isometric
transformation can be used to transform equations (9) and
(10) into frequency domain, thus updating the center frequen-
cies of the modes, which can be expressed as [27]:
uˆn+1k (ω) =
xˆ(ω)−6i6=k u˜i(ω)+ λˆ(ω)/2
1+ 2α (ω − ωk)2
(11)
ωn+1k =
∫∞
0 ω
∣∣uˆk (ω)∣∣2 dω∫∞
0
∣∣uˆk (ω)∣∣2 dω (12)
In equation (12), uˆk (ω) is equal to Wiener filter of xˆ (ω)−∑
i6=k uˆi (ω). The gravity center of the current modal function
power spectrum in equation (12) is ωn+1k , and the real part of{
uˆk (ω)
}
is conducted by inverse Fourier transform (IFT) to
obtain {uk (t)}.
The VMD algorithm continuously updates the modes in
the frequency domain, and finally transforms them into time
domain through IFT. The specific algorithm is as follows:
Algorithm 1 VMD (x(t))
Input: x(t)
Output: {uk (t)}, {ωk}
Initialize
{
uˆ1k
}
,
{
ω1k
}
, λˆ1, n← 0
Repeat
n← n+ 1
for k = 1 : K do
Update uˆk for all ω ≥ 0 :
uˆn+1k (ω)←
xˆ(ω)−∑
i<k
uˆn+1i (ω)−
∑
i>k
uˆni (ω)+λˆn(ω)/2
1+2α(ω−ωnk )2
Update ωk :
ωn+1k ←
∫∞
0 ω
∣∣∣uˆn+1k (ω)∣∣∣2dω∫∞
0
∣∣∣uˆn+1k (ω)∣∣∣2dω
End for
Dual ascent for all ω ≥ 0 :
λˆn+1 (ω)← λˆn (ω)+ τ
(
xˆ (ω)−∑
k
uˆn+1i (ω)
)
Until convergence:
∑
k
∥∥∥uˆn+1k − uˆnk∥∥∥22 / ∥∥uˆnk∥∥22 < 
uk (t) = IFT
(
real
(
uˆn+1k (ω)
))
Return {uk (t)}, {ωk}.
B. PDS-BASED ADAPTIVE SELECTION ALGORITHM OF
SENSITIVE MODE COMPONENTS
The acquired leakage vibration signals are decomposed into
multiple intrinsic mode components using the VMD algo-
rithm, where only some mode components are sensitive com-
ponents containing useful information (non-dispersive and
single mode) for leak location in WSP, while other mode
components are not related to leakage or interferences, dis-
persive modes resulting low SNR and larger leak location
errors. Therefore, it is necessary to propose a modal selection
algorithm to extract high SNR and non-dispersive modes for
reducing leak location errors. Recently, correlation coeffi-
cient based adaptive selection of sensitive modes has been
proposed for intrinsic mode of EMD [20] and VMD [31] for
leak location in pipelines, which can filter mode components
unrelated with leakage to improve SNR and reduce leak loca-
tion errors. However, collected leakage vibration signals can
not only contain unrelated noise but also a related dispersive
mode resulting in larger leak location errors. Hence, the adap-
tive selection algorithm of sensitive mode components based
on PDS of cross spectrum of two collected leakage vibration
signals is proposed in this work to remove the unrelated and
related dispersive modes for leak location in WSP.
According to Wiener-Khintchine theorem, the cross spec-
trum can be obtained from the CC function by Fourier trans-
form (FT), which can be used to express correlation between
x1(t) and x2(t) in the frequency domain. Hence, the cross
spectrum of x1(t) and x2(t) can be derived by performing
FT of equation (3):
Cx1x2 (ω)=X1 (ω)X∗2 (ω)=αCss(ω)ejωτ =αCss(ω)ejθx1x2 (ω)
(13)
In equation (13), X1(ω) and X2(ω) are spectrum of x1(t)
and x2(t) respectively through Fourier transform (FT), where
∗ denotes complex conjugate. Css(ω) represents auto-power
spectrum of leakage source signal and τ is time delay of the
two collected signals. Due to small amount of collected data,
in this study, the cross spectrum is estimated by the Welch
mean period graph method.
Then the coherence function of x1(t) and x2(t) can be
expressed as follows:
γx1x2 (ω) =
∣∣Cx1x2 (ω)∣∣√
Cx1x1 (ω)Cx2x2 (ω)
(14)
In equation (14), Cx1x1 (ω) and Cx2x2 (ω) are auto-power
spectrum of x1(t) and x2(t) respectively performed by Welch
mean period graph method. The coherence function can pro-
vide a mirror to SNR and degree of correlation between two
collected signals x1(t) and x2(t), which can be used to deter-
mine coherence frequency band [ωc1, ωc2] for leak location
in WSP. However, the collected signals in coherence fre-
quency band possess dispersive nature and contain dispersive
mode with high SNR and degree of correlation, which results
in larger leak location errors in pipelines. As dispersive mode
components will lead to time delay varying with frequencyω,
it is difficult to accurately estimat time delay in coherence
frequency band.
According to equation (14), the phase spectrum of cross
spectrum can be obtained as follows:
θx1x2 (ω) =ωτ (15)
In equation (15), the phase spectrum is linear to
frequency ω in a specific frequency band, where the col-
lected signal contains non-dispersive mode components with
high SNR and then the slope of the phase spectrum is time
delay τ .
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As the SNR decreases, the slope of phase spectrum
becomes more difficult to determine accurately. Hence,
a PDS based selection of frequency band is proposed
through the difference of two frames of cross-spectral
phase spectrum between x1(t) and x2(t) in this paper.
The PDS varies horizontally within the frequency band[
ωp1, ωp2
]
, where the collected signal possesses high
SNR and non-dispersive modes. Therefore, the character-
istic frequency band [ω1, ω2] can be selected by coher-
ence analysis in combination with PDS in which the col-
lected signals possess high SNR and non-dispersive mode
components.
Hence, the sensitive components {uisk (t)} of intrinsic
modes {uik (t)} after VMD can be selected in the determined
characteristic frequency band when i= 1 and i= 2 corre-
sponds to the two collected signals x1(t) and x2(t), respec-
tively. The selection guide of sensitive mode components is
formulated by
RiE = EieEis (16)
In equation (16), the RiE is defined as effective energy
ratio of intrinsic modes in both the characteristic fre-
quency band and in the whole frequency band, where
Eie is energy of intrinsic mode in characteristic frequency
band and Eis is for the in whole frequency band. The
sensitive components can be chosen from intrinsic modes
when RE ≥ REmax/2, where the REmax is maximum
effective energy ratio among all decomposed intrinsic
modes. The proposed mode components selection method
can be used to extract non-dispersive modes with high
SNR, which will effectively reduce leak location errors
in WSP.
The PDS-based adaptive selection (AS) algorithm
of sensitive mode components is summarized as
follows:
Algorithm 2 AS(x1 (t) , x2 (t))
Input:x1 (t) , x2 (t)
Output: {u1sk (t)}, {u2sk (t)}
{u1k (t)} ← VMD(x1(t))
{u2k (t)} ← VMD(x2(t))
[ωc1, ωc2]← γx1x2 (ω) =
∣∣Cx1x2 (ω)∣∣√
Cx1x1 (ω)Cx2x2 (ω)[
ωp1, ωp2
]← θx1x2 (ω) = ωτ
[ω1, ω2] = [ωc1, ωc2] ∩
[
ωp1, ωp2
]
For i = 1 : 2 do
For k = 1 : K do
RiE = EiekEisk
If RiE ≥ RiEmax/2
uisk (t) = uik (t)
Else
uisk (t) 6= uik (t)
End for
End for
Return {u1sk (t)}, {u2sk (t)}
C. THE PROCEDURE OF PDS-VMD BASED LEAK
LOCATION METHOD
When leakage occurs in WSP, the vibration signal propa-
gates along the pipeline discretized into several modes and
is collected by two acceleration sensors on either side of leak
point as shown in Fig.1. Well below the pipe ring frequency,
four types of modes are responsible for most of the energy
transfer [33]: three axisymmetric modes (n = 0) and the
n = 1 mode, related to beam bending. Of the n = 0 modes,
the first, termed s = 1, is a predominantly fluid-borne wave;
the second mode, s = 2, is predominantly a compressional
wave in the pipe shell; the third mode, s = 0, is a torsional
wave uncoupled from the fluid. Related research results show
that the s = 1 mode predicted to dominate over significant
propagation distances approximates a non-dispersive plane
wave in the water within the pipeline [34].
Then the two collected vibration signals x1(t) and x2(t)
are descomposed into multiple intrinsic mode components
using a VMD algorithm as shown in section 3.1. Through the
adaptive selection algorithm of sensitive mode components in
section 3.2, the non-dispersive modes with high SNR can be
selected and reconstructed as two new signals x ′1(t) and x ′2(t).
Finally, the time-delay τ of two new reconstructed signals
can be estimated by cross-correlation analysis and then the
distance d1 between sensor 1 and leak point can be calcu-
lated using the known distance d and propagation speed c,
according to equation (2). The distance d can be measured in
advance and the propagation speed c of non-dispersive s = 1
mode can be calculated using theoretical model [35]:
c = cw
(
1+ 2Ba
Ewh− ω2ρha2
)−1/2
(17)
In equation (17), cw is the acoustic speed in a free water.
The B and Ew are bulk modulus of the in-pipe water and
Young’s modulus of pipe wall material respectively. ρ is
density of pipe wall material. The a and h are the radius and
thickness of the pipe wall respectively.
The procedure of PDS-VMD based leak location
method (Locator) is summarized as follows:
Algorithm 3 Locator(x1 (t) , x2 (t) , d, c)
Input: x1 (t) , x2 (t) , d, c
Output: d1
Initialize d, c
{u1sk (t)} , {u2sk (t)} ← AS(x1 (t) , x2 (t))
x ′1(t) =
∑
u1sk (t)
x ′2(t) =
∑
u2sk (t)
Rx ′1x ′2 (τ ) = E
[
x ′1 (t) x ′2 (t − τ)
]
τ = argmaxRx1x2 (τ )
d1 = d+cτ2
Return d1
The implementation steps of the proposed leak location
algorithm are as follows:
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(1) The characteristic frequency band of the leakage signal
is determined using the cross-spectral analysis of the col-
lected signals x1(t) and x2(t).
(2) The number of decomposition layers K of VMD is
initialized to 2 and the penalty factor α is set to 2000. Then the
collected leakage signals are decomposed into several modes
using initialized VMD according to Algorithm 2.
(3) Let the VMD decomposition layers K = K + 1,
repeating the step of VMD until the center frequency of the
neighboring IMF components obtained by the VMD decom-
position is very close, which is judged to be over-decomposed
and the number of decomposition layer is determined as K .
(4) The sensitive IMF components are selected using effec-
tive energy ratio of intrinsic modes in both the characteristic
frequency band and in the whole frequency band formulated
by equation (16) according to algorithm 2.
(5) The sensitive components are reconstructed into two
new signals x ′1(t) and x ′2(t).
(6) The time delay is estimated using cross-correlation
analysis of two new reconstructed signals according to equa-
tion (3-4) and then the leakage is located by equation (2)
and (17).
IV. THE PERFORMANCE VALIDATION OF PDS-VMD
BASED LEAK LOCATION METHODS USING
SIMULATION EXPERIMENTS
In order to verify the performance leak location method in
low SNR, the proposed PDS-VMD, CC and CCC-VMD
based leak location methods are compared in different SNR
using simulation experiments. The leakage source signal s(t)
is simulated by Gaussian white noise through a band-pass
filter of 300-400Hz. n1(t) and n2(t) are uncorrelated byGaus-
sian white noise. Hence, the two collected vibration signals
x1(t) and x2(t) can be generated by adding different SNR
(−2dB-8dB) Gaussian white noise. The sample frequency
and time delay are set as 6554 Hz and 7.629 ms.
According to the procedure of the PDS-VMD based leak
location method, the two collected signals need to be decom-
posed into multiple modes by VMD as shown in Fig.2.
The simulated signal x1(t) under SNR of 1dB is decom-
posed into six intrinsic mode functions (IMFs), where the
frequency spectrum characteristics of each IMF are displayed
in Fig.2. It can be seen that different IMFs have different fre-
quency bands, where the frequency band of IMF1 concentrate
on 300-400 Hz. This is consistent with the source signal.
Therefore, the source signal can be extracted by VMD of the
simulated signal.
In order to select sensitive mode components, the coher-
ence function and PDS of two simulated collected signals are
demonstrated in Fig.3. It is apparent that the cross-spectral
phase difference spectrum varies horizontally in the fre-
quency band of 300-400 Hz in subgraph where the coherence
function has a maximum value. The subgraph gives details
of the horizontal change of the cross-spectral phase differ-
ence spectrum in the frequency band of 300-400 Hz. There-
fore the characteristic frequency band can be determined
FIGURE 2. The VMD of simulated signal x1(t) and frequency spectrum
analysis of each IMF.
FIGURE 3. The cross-spectral phase difference spectrum and coherence
function between the two simulated collected signals x1(t) and x2(t).
as 300-400 Hz by combining the phase difference and the
coherence function.
Correspondingly, the effective energy ratio of the six IMFs
for two simulated signals x1(t) and x2(t) in the characteristic
frequency band can be calculated using Eq. (16) as shown
in both Table 1 and Table 2. According to the sensitive
mode selection guide, IMF1 will be chosen for both two
simulated signals x1(t) and x2(t), respectively. Following this,
the reconstructed signals x ′1(t) and x ′2(t) can be obtained by
the selected IMF1. Hence, the two reconstructed signals are
analyzed using cross correlation. The time delay estimation
is−7.629ms and its time-delay estimation error is 0. Accord-
ingly, the maximum value of cross-correlation coefficient
reaches up to 0.3546.
In the same manner, time-delay estimation using CC and
CCC-VMD can be obtained and compared with PDS-VMD,
determining relative estimation errors and degree of correla-
tion by the cross-correlation coefficient shown in Fig.4. The
figure shows the time-delay estimation error as 12.5114 ms,
4.5774 ms and 0 ms using CC, CCC-VMD and PDS-VMD,
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TABLE 1. Effective energy ratios of IMF components of x1(t).
TABLE 2. Effective energy ratios of IMF components of x2(t).
FIGURE 4. The cross-correlation coefficient of the two reconstructed
signals by CC, CCC-VMD and PDS-VMD
respectively. The cross-correlation coefficient of the two sim-
ulated signals is 0.052, 0.0676 and 0.3546 using CC and
CCC-VMD and PDS-VMD respectively, which demonstrates
that the PDS-VMD and CCC-VMD can improve the degree
of correlation and thus reduce the time-delay estimation error.
In order to verify the performance of the proposed leak
location method under broadband noise sources with differ-
ent SNR in a whole frequency band compared to CC and
CCC-VMD, the time-delay estimation results of the three
methods were obtained under the SNR ranging from−2dB to
8dB in a frequency band of 0-1.5 kHz as shown in Fig.5. The
cross-correlation coefficient of PDS-VMD is larger than that
of CCC-VMD, whereby CC is the smallest, indicating that
the two reconstructed signals in PDS-VMD method have the
greatest relevance. Results also show that degree of correla-
tion between the two reconstructed signals by PDS-VMD and
CCC-VMD is improved compared to that using direct cross
correlation when there exists broadband noise with differ-
ent SNR. Therefore, the leak location method of PDS-VMD
has the smallest relative errors, which of CC has the largest
relative error. This suggests that the ability to be immune to
FIGURE 5. The results of time-delay estimation under different SNR
from −2dB to 8dB in frequency band of 0-1.5 kHz.
FIGURE 6. The results of time-delay estimation under different SNR
from −2dB to 8dB in frequency band of 800-1500 Hz.
noise using PDS-VMD and CCC-VMD has been improved
in comparison with using direct CC.
In order to verify the performance of the proposed leak
location method under narrow band noise source with differ-
ent SNR in a specific frequency band of 800-1500 kHz com-
pared to CC and CCC-VMD, time-delay estimation results of
the three methods are obtained under the SNR ranging from
−2dB to 8dB in a frequency band of 800-1500 kHz as shown
in Fig.6. The cross-correlation coefficient of PDS-VMD is
larger than both CCC-VMD and CC, whereby CC is the
smallest, indicating that the two reconstructed signals in
the PDS-VMD method have the greatest relevance. The
degree of correlation between the two reconstructed signals
by PDS-VMD and CCC-VMD have all been improved com-
pared to using direct CC when broadbad noise source exists
with different SNR. Therefore, the leak location method of
PDS-VMD has the smallest relative errors and CCC-VMD
has the largest relative error. This suggests that the abil-
ity to be immune to narrow band noise using PDS-VMD
has been improved in comparison with using direct CC
and CCC-VMD.
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FIGURE 7. The photos of experiment for leak detection and location in
the water supply pipelines: (a) experimental setup; (b) leakage position;
(c) filed installation position; (d) field experiment site.
In summary, the simulation experiment demonstrated that
the degree of correlation between two reconstructed signals
by PDS-VMD and CCC-VMD is improved in comparison
with using direct CC. At the same time, the PDS-VMD has
the maximum suppression ability and thus the smallest TDE
errors for both broadband and narrow band noise source
with different SNR ranging from −2dB to 8 dB. However,
the CCC-VMD has a better immunity to broadband noise
source with different SNRs and worse immunity to narrow
band noise source than CC.
V. EXPERIMENTS OF LEAK LOCATION IN WSP USING CC,
CCC-VMD AND PDS-VMD
A. EXPERIMENTAL SETUP
The experimental setup consisted of twowireless acceleration
sensor nodes and a host computer as shown in Fig.7. The
two wireless acceleration sensor nodes employed a 433 MHz
carrier for sending and receiving vibration data over a range
of 2 km, wich was mounted on the pipe wall and collect the
vibration signal with a sampling rate of 6554 Hz and synchro-
nization acquisition accuracy of ±30µs. The host computer
was installed with data acquisition and analysis software to
receive and store the collected vibration data. At the same
time, the host computer could control the two wireless accel-
eration sensor nodes to collect data synchronously and per-
form analysis and process of the data.
In the experiment, the underground and aboveground
water-supply pipelines were chosen with a pipe wall material
of nodular cast iron and a radius of 100 mm under the pres-
sure ranges of 0.2-0.4 MPa. A fire hydrant in aboveground
water pipelines were used to simulate a leak point for the
leak detection and location experiment. A real leak point in
undergroundwater pipelines was also used for the experiment
as shown in Fig.7.
B. EXPERIMENTAL RESULTS AND DISCUSSION
In the experiment, the collected vibration signal was aquired
by two wireless acceleration sensors separated by 16 meters
FIGURE 8. The collected vibration signal in time and frequency domain.
and then stored on a host computer. The collected vibration
signals induced by water leakage in time and frequency
domain are shown in Fig.8. The figure shows from the spec-
trum of the leakage vibration signal that the signal energy
mainly concentrated in two frequency bands of 500-1000 Hz
and 1000-2000 Hz. The leakage vibration signal in the fre-
quency band of 1000-2000 Hz has the maximum energy
compared to the other frequency bands.
In order to determine the leak position using the
PDS-VMD method, the two collected vibraiton signals
induced by water leakage were initially decomposed into
six IMFs by VMD as shown in Fig.9. It can be seen that
different IMFs have different frequency bands: IMF1 and
IMF2mainly concentrate on frequency band of 500-1000 Hz;
IMF3, IMF4 and IMF5mainly concentrate on frequency band
of 1000-2000 Hz; IMF6 mainly concentrate on frequency
band of 2000-2500 Hz.
According to the principles of PDS-VMD based leak loca-
tion, decomposed IMFs by VMD need to be chosen using
the sensitive mode selection guide of the PDS and coherence
function to reduce leak locaiton errors in low SNR. Hence,
the coherence function and PDS of two collected vibration
signals are shown in Fig.10. The figure indicates that the
cross-spectral phase difference spectrum varies horizontally
in the frequency band of 623-778 Hz as shown in sub-
graph which gives details of horizontal change, where the
coherence function has a larger value. Though the coher-
ence function has a maximum value in the frequency band
of 1118-1639 Hz, the cross-spectral phase difference spec-
trum presents a non-horizontal change, which can infer that
the collected vibration signal in this frequency band possesses
multimodal and dispersive components resulting in a larger
TDE errors. Therefore the characteristic frequency band can
be determined as 623-778 Hz by combining the phase differ-
ence and the coherence function, where the leakage vibration
signal contains single non-dispersivemode approximated as a
plane wave and can be used for reducing leak location errors.
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FIGURE 9. The VMD of simulated signal x1(t) and frequency spectrum
analysis of each IMF.
FIGURE 10. The cross-spectral phase difference spectrum and coherence
function between the two collected vibration signals x1(t) and x2(t)
induced by water leakage.
Correspondingly, the effective energy ratio of the six IMFs
for two collected leakage vibration signals x1(t) and x2(t)
in the characteristic frequency band of 623-778 Hz can be
calculated using equation (16) as shown in Table 3 and
Table 4. According to the sensitive mode selection guide,
the IMF1 can be chosen for both two simulated signals x1(t)
and x2(t) respectively. Following this, the reconstructed leak-
age signals x ′1(t) and x ′2(t) can be obtained by the selected
IMF1. Hence, the two reconstructed signals can be ana-
lyzed using cross correlation to locate a leak point.The
acoustic speed c is calculated as 1250 m/s using equa-
tion (17) according to the parameters of the experimental
WSP. It can be obtained that the distance d1 btween the sen-
sor1 and leak point is 8.573 m equation (2) according to the
algorithm 3 which is procedure of PDS-VMD based leak
location method and the leak locaiton errror is shown to
be 0.327 m using. The maximum value of cross-correlation
coefficient reaches up to 0.48.
TABLE 3. Effective energy ratios of IMF components of leak signal x1(t).
TABLE 4. Effective energy ratios of IMF components of leak signal x2(t).
FIGURE 11. The cross-correlation coefficient of the two reconstructed
leakage vibration signals by CC, CCC-VMD and PDS-VMD.
In the same way, leak location using CC and CCC-VMD
can also be obtained and compared with PDS-VMD to
show leak location errors and degree of correlation with
cross-correlation coefficient as shown in Fig.11. This shows
that leak location error is 1.09 m, 4.25 m and 0.327 m
using CC, CCC-VMD and PDS-VMD respectively. The
cross-correlation coefficient of the two simulated signals is
0.18, 0.22 and 0.48 using CC and CCC-VMD and PDS-VMD
respectively which demonstrates that the PDS-VMD can
improve degree of correlation and thus reduce time-delay
estimation error effecitvely. Though the CCC-VMD also
improves the correlation degree, the leak location error
increases compared to that of CC, which can infer that the
leakage vibration signals contains multimodal and dispersive
components shown as narrow band noise.
In order to further verify the effectiveness of the proposed
method, 30 groups of leakage vibration data were aquired
by the two wireless sensor nodes under different distances
of 16m, 20m and 20m, which are used to compare the leak
location perfomance of CC, CCC-VMD and PDS-VMD. The
relative leak location errors for the 30 groups of aquired data
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FIGURE 12. Comparison of relative errors of leak location using CC,
CCC-VMD and PDS-VMD for 30 groups of leakage datas under different
distances.
by CC, CCC-VMD and PDS-VMD are compared in Fig.12,
which shows that the proposed PDS-VMD based leak loca-
tion method has the smallest relative errror and the relative
error by CCC-VMD is largest as result of multimodal and
dispersive componets contained in leakage vibration signals.
The average relative leak location errors are 8.62%, 16.86%
and 2.53% by CC, CCC-VMD and PDS-VMD respectively.
Therefore, the proposed PDS-VMD is more suitable for leak
location in WSP, which is immune to both broadband and
narrow band noise under low SNR.
VI. CONCLUSIONS
This work considers the problem of large leak location errors
under low SNR in WSP, where the PDS-VMD based leak
location method is proposed and its performance is compared
with CC and CCC-VMD through the simulation and experi-
ment, suggesting:
(1) The leakage vibration signal in WSP contains mul-
timodal and dispersive components which can be regarded
as narrowband noise resulting in low SNR and larger leak
location errors. In the low frequency band of 0-1000 Hz,
the leakage vibration signal contains single non-dispersive
mode approximated as plane wave which can be extracted by
the proposed PDS-VMD method for reducing leak location
errors.
(2) The CC based leak location method is suitable forWSP
under high SNR. When the SNR decreases, the leak location
errors become larger. Though the CCC-VMDmethod will be
improved the correlation degree of leakage signal under low
SNR, it is sensitive to narrowband noise thus generates larger
leak location errrors.
(3) The average relative leak location errors are 8.62%,
16.86% and 2.53% by CC, CCC-VMD and PDS-VMD
respectively. Therefore, the proposed PDS-VMD is more
suitable for leak location in WSP, which is immune to both
broadband and narrow band noise under low SNR.
APPENDIX
NOMENCLATURE
CC cross correlation
SNR signal to noise ratio
VMD variational mode decomposition
TDE time-delay estimation
LMS least mean square
EEG electroencephalo-graph
WSP water-supply pipelines
PDS phase difference spectrum
IMF intrinsic mode function
GCC generalized cross-correlation
EMD empirical mode decomposition
x1 (t) collected signals by sensor 1
x2 (t) collected signals by sensor 2
d1 distance between leak point and sensor 1
d distance between two sensors
n1(t) noise in x1 (t)
n2(t) noise in x2 (t)
∂ power attenuation factor
c acoustic speed of leak signal
τ time delay
argmax argument of maximum function
Rx1x2 CC function
E expectation operator
uk (t) component of signal
Ak (t) instantaneous amplitude
ωk (t) instantaneous frequency
α penalty parameter
λ Lagrange multiplier
X1(ω) spectrum of x1(t)
X2 (ω) spectrum of x2 (t)
Cx2x2 (ω) auto-power spectrum
γx1x2 (ω) coherence function
θx1x2 (ω) phase spectrum
RiE effective energy ratio
cw acoustic speed in a free water
B bulk modulus of the in-pipe water
Ew Young’s modulus of pipe wall material
ρ density of pipe wall material
a radius of the pipe wall
h thickness of the pipe wall
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